We show how to regularize the big bang singularity in the presence of random perturbations modeled by Brownian motion using stochastic methods. We prove that the physical variables in a contracting universe dominated by a scalar field can be continuously and uniquely extended through the big bang as a function of time to an expanding universe only for a discrete set of values of the equation of state satisfying special co-prime number conditions. This result significantly generalizes a previous result [1] that did not model random perturbations. This result implies that the extension from a contracting to an expanding universe for the discrete set of co-prime equation of state is robust, which is a surprising result. Implications for a purely expanding universe are discussed, such as a non-smooth, randomly varying scale factor near the big bang.
Introduction
We consider the classical Friedmann equations that describe the evolution of the universe. We consider the scenario where the universe transitions from contraction to expansion through the big bang. This evolution is described by dynamics of the following quantities: a, H, w, Ω, which are the scale factor, Hubble parameter, equation of state, and relative density of energy components (representing matter, radiation, cosmological constant, spatial curvature and anisotropy), respectively. w is defined by a scalar field, φ. These quantities vary as a function of time, t, where the big bang occurs at t = 0. It is assumed that the universe contracts for t < 0 and expands for t > 0 as in a bouncing universe model. The Friedmann equations are not defined at the big bang.
We show how to regularize the big bang singularity in the presence of random perturbations that are modeled using Brownian motion in a full neighborhood of the big bang singularity. In this modeling the random perturbations occur continuously from moment to moment up to and including the big bang itself. This is done by using a stochastic model for the Friedmann equations together with a stochastic version of the stable manifold theorem due to Mohammed and Scheutzow [2] . This allows the study of solutions of the Friedmann equation, a(t), H(t), w(t), Ω(t), as they pass through the big bang from t < 0 to t > 0 where their dynamics can be understood. It is noted that adding random perturbations to the Friedmann equations can model effects that are known as well as unknown. This is analogous to a technique done in celestial mechanics where motion of the planets is modeled using an interpolated planetary ephemeris, which continuously models all the empirical random perturbations on the planetary orbits, even ones that are not known [3] .
A key result of this paper is to prove that this extension of solutions through t = 0 is only possible, and unique, if the value of the equation of state at the big bang, w c = w(0), takes on a value of a special discrete set, P w , of co-prime integers, where it is assumed that w c > 1 [4] , [5] . This result is stated as Theorem 2 in Section 5. This result is a significant generalization of [1] , where random perturbations were not modeled. In that case, the same condition that w c had to take on a value from P w was obtained; however, that result was limited since random perturbations were not modeled. That opened up the possibility that if random perturbations were included, then the co-prime condition would no longer be well defined due to the random fluctuations given by the Brownian motion.
It is surprising that this co-prime condition is still required when random perturbations are included since it represents a fine tuning of the solutions at the big bang which is preserved under random fluctuations. This suggests that the co-prime condition may be physically significant and not only due to the mathematics. This paper provides a nontrivial example of the fact that even in the presence of random perturbations, the evolution of the universe can be continued through the big bang for a = 0.
Although the random perturbations added to the Friedmann equations do not change the metric we are using, defined in Section 2, they do give considerable complexity to the dynamics of the scale factor a(t), which can be viewed as analogous to perturbing the metric. This is discussed in Section 7. An interesting result is obtained on the behavior of the scale factor a(t) near the big bang. It is proven that a(t) need not be smoothly monotone decreasing or increasing sufficiently near the big bang. In particular, if we just consider the behavior of our solutions in the case of a purely expanding universe without regards of how it initiated, a(t) can have random, non-smooth, jagged variations given by the random perturbations. This result is described at the end of Section 5, and expressed analytically in Equation 43 . We discuss how it may be possible to detect this experimentally in Section 7.
The random perturbations we consider are defined by a general Brownian motion, which can be arbitrarily specified by a set of functions of the random values. They exist up to and including the big bang. In Section 7, we discuss how they may be used to model quantum fluctuations.
The method of obtaining these results is to first regularize the Friedmann equations by a transformation of coordinates and time so that, in the new variables, the transformed differential equations are defined at the big bang. This transformation reduces the big bang to a hyperbolic fixed point for the flow of the solutions. This approach was used in [1] . In the regularized coordinates, it can be shown that solutions are defined from t ≤ 0 to t ≥ 0 if and only if w c ∈ P w . However, in the current situation, this approach is significantly more complex. To include random perturbations to the variables, it is necessary to view the coordinates as being random variables in a probability space. Then, the random perturbations can be introduced in a well defined manner by writing the Friedmann equations in a special stochastic form, where the random perturbations are defined by the Brownian motion written in a particular from. A key part of the analysis is to show that the flow of the stochastic differential equations are structurally stable in a neighborhood of the hyperbolic fixed point. To show this, a stochastic version of the stable manifold theorem [2] is used which places conditions on the form of the functions defining the random perturbations.
In Section 2, we describe the assumptions for the modeling of the classical Friedmann equations. In Section 3, the previous results from [1] are summarized. Stochastic modeling and definitions are given in Section 4, where the transformation of the Friedmann equations to stochastic Itô equations is described. The stochastic stable manifold theorem is described in Section 5 and applied to the differential equations to obtain the main result on the extension of solutions through the big bang. In Section 6, the main results are numerically verified. In Section 7, the results are discussed. Finally, Section 8 is the Conclusion.
Some results and conclusions are distinguished by italicized subheadings.
Modeling and Assumptions
In this section, we recall from [1] the differential equations for a set of variables that describe the evolution of the universe. The Friedmann equations lead to a differential equation for the Hubble parameter H, or its reciprocal, Q ≡ 1/H. The equation of motion for a scalar field φ determines its time varying equation of state w. With additional energy components besides the scalar field, we introduce the relative energy density Ω m for each component. We assume a homogeneous, flat, and isotropic universe with the metric
where t is the proper time and x = (x 1 , x 2 , x 3 ) are the spatial coordinates. Here a(t) is the scale factor of the universe, and the Hubble parameter H is given by H ≡ȧ/a, where the dot˙denotes the derivative with respect to time t. H is negative during cosmic contraction, where H → −∞ as t → 0 − and positive after the universe transitions to expansion, where H → ∞ as t → 0 + . The big bang (or "big bounce") is at a = 0, which is chosen to correspond to the time t = 0.
We assume that the scalar field φ has the Lagrangian
where the potential V (φ) is an exponential function V (φ) = −V 0 e −c φ ; it is assumed that V 0 > 0 and c is a constant, whose range is determined in the following text. In the homogeneous case, the energy density and pressure of the scalar field are
The equation of state parameter w is given by
For our study, we focus on the case w > 1 and ρ φ > 0; hence V (φ) < 0. § In addition to the energy component φ = φ(t), with associated equation of state, w = w(t), we assume other energy components with constant equations of state w m , m = 1, 2, 3, 4, 5, where w m = 0, 1 3 , −1, − 1 3 , or 1, if the additional energy components represent matter, radiation, cosmological constant, spatial curvature, or anisotropy, respectively. The energy density of each component is given by ρ m . We define fractional energy density parameters, Ω m = Ω m (t),
It is noted that w m ≤ 1. § Such a negative exponential potential is typical of ekpyrotic models [7] [8]. This requirement also guarantees that the speed of sound for this component is non-superluminal; indeed, for a constant w m ≤ 1, the speed of sound for this component is c
Incidently, for the(canonical) scalar field, although w(t) > 1, the speed of sound is always c 2 s = 1 (see, e.g., [6] ).
As is shown in [1] , in a contracting universe, where H < 0, w(t) → w c as t → 0 − , where
It can be seen that for c > √ 6, w c > 1. It is shown in [1] that w = w c is a fixed point attractor in a contracting universe.
We will consider in this paper one energy component in addition to φ, which we label Ω 1 , with constant equation of state w 1 . We set W = w − w c . As
For simplicity of notation, we set Ω 1 ≡ Ω. It is shown in [1] that we obtain the system of differential equations,
Remark. It is noted that the above case can be generalized to include more energy components with constant equations of state w m , m = 1, 2, · · ·. The generalized differential equations for H, W , and Ω m are given bẏ
where the summation is over the additional energy components besides the scalar field.
Classical Regularization, Previous Results
In this section we summarize previous results in [1] on the regularization of System 7a, 7b, 7c in a neighborhood of the big bang, and consider the solutions a(t), Q(t) = H(t) −1 , W (t), and Ω(t) for t < 0, which tend to a = 0, Q = 0, W = 0, and Ω = 0 when t → 0 − . We determine necessary and sufficient conditions for these solutions to have a well defined unique extension to t ≥ 0.
We use regularization methods that are traditionally used in classical and celestial mechanics. There are different types of regularizations [3] , [9] which all require a change of variables as well as a time transformation. The strongest type of regularization, global regularization, transforms the singularity into a regular point at which the transformed differential equations become well defined, and real analytic, in a full neighborbood, of the singularity. The transformed solutions can be extended through the singularity in a real analytic manner, both with respect to time and initial conditions. One such example is the collision of two point masses in the Newtonian two-body problem, which can be globally regularized to describe a smooth bounce by using the LeviCivita transformation. Another type of regularization, branch regularization reduces the singularity to a well defined finite point. This point can also be a fixed point, although this is not necessary. Accordingly, the trajectory of an individual solution flowing to the finite point can be uniquely matched to the trajectory of another solution emerging from the same point. For such a regularization, the solutions in the original variables and time can be extended through the singularity in a continuous manner with respect to time. There are also singularities that cannot be regularized at all. In such cases, not a single solution can be extended through the singularity. This occurs, for example, in a triple collision in the Newtonian three-body problem.
System 7a, 7b, 7c can be branch regularized. This means that there exists a transformation of the coordinates and time such that in the new coordinates and time, the big bang state is well defined at a finite time and there exists initial conditions for solutions in the contracting universe for t < 0 that can be continuously connected in a unique manner to solutions for t ≥ 0. This turns out to be true for a special set of values of w c . The transformation of coordinates that is used maps the big bang at |H| = ∞, W = 0, Ω = 0 into a hyperbolic fixed point for the transformed system of differential equations.
The main result proven in [1] is, Theorem 1. The solutions H(t), W (t), Ω(t) of the dynamical system 7a, 7b, 7c, as well as a(t), are branch regularizable at the singularity t = 0 if and only if the value of w c belongs to a discrete set P w given by
where p ⊥ q means that the integers are co-prime.
Dynamically, if we view this theorem in terms of the variable a(t), then for t < 0 in the contracting universe, a(t) → 0 as t → 0 − . Also, w(t) → w c . If we assume that w c ∈ P w , then at t = 0, a = 0 and w = w c . a(t) increases from 0 for t > 0 in the expanding universe.ȧ → ∞ as |t| → 0. The graph of a(t) will show a cusp at t = 0, but the curve for a(t) is continuously connected at t = 0. See Figure 1 . ¶ It is instructive to outline a sketch of how the theorem is proven since we will refer back to it in the translation of this problem to a stochastic system in Section 4.
The regularization transformation, in part, is given by,
is not defined at t = 0; however, its solution for t < 0 has a unique branch extension to t > 0. where, Q < 0, t < 0. The time transformation, t → τ can equivalently be written as
It is noted that τ > 0 for t sufficiently near 0. The System 7a, 7b, 7c transforms into,
We set X = (Q, W, Ω) and let X(τ, X 0 ) represent a solution of System 13a,13b, 13c with initial condition X 0 , which we write as X(τ ) for short, where X 0 is near zero in norm. This initial condition is for a value of τ 0 > 0 corresponding to t 0 < 0 in the contracting universe, where |t 0 | is small, or equivalently, τ > 0 is sufficiently large as follows from (12) since a(t 0 ) is near zero, or equivalently.
The big bang singularity is given by X = (0, 0, 0) ≡ 0, at t = 0. As is described in [1] , X = 0 is a fixed point, or equivalently a stationary point, for the flow(solutions) of System 13a,13b, 13c, and t → 0 − is equivalent to τ → ∞. Also, if this system is linearized at X = 0, then the fixed point is locally hyperbolic with purely negative real eigenvalues. More precisely, the system can be written near X = 0 as
where
and the vector field ∆(X) given by
from which it is clear that ∆ = O(|X| 2 ). The eigenvalues of A are given by
(w c + 1), λ 3 = −3(w c − w 1 ). They are all negative since, by assumption, w c > 1 ≥ w 1 . It is seen that for X near 0, ∆(X) is a real analytic function of X. It is seen that when X = 0, ∆(0) = 0 and ∂∆ ∂X (0) = 0 (3 × 3 matrix of 0). In the linearized system where ∆(X) = 0, all the solutions exponentially flow towards X = 0. More precisely, a basis of these solutions are given by the eigenvectors of the linear system, (Q(τ ), 0, 0), (0,W (τ ), 0), (0, 0,Ω(τ )), wherē
These basis solutions are called hyperbolic invariant manifolds of the linearized system. (In the same way, we can show that for t > 0, the solutions flow away from the fixed point, where the basis solutions in that case are given (17) with plus signs in the exponents, and a plus sign in front of the exponential forQ(τ ) sinceQ(τ ) > 0. This follows since in this case the eigenvalues are given by
. ) The eigenvectors of the linearized system with negative eigenvalues span a subspace in which all points flow towards the fixed point as τ → ∞. This is called a stable subspace since all the points flow towards the fixed point. This subspace has a manifold structure and is referred to as a stable manifold and is 3-dimensional. It is referred to as a 3-dimensional hyperbolic invariant manifold, labeledW s . Similarly, if we replace τ byτ = −τ in (17), then asτ → ∞, all the points flow away from the stationary point since, as mentioned, (17) u . This implies that the flow of the nonlinear system (14) changes by very little from the flow of the linear system for |X| sufficiently small, i.e. sufficiently near the big bang. Under assumptions on smoothness of ∆(X), the flow of the solutions with respect to time will also be real analytic, for t < 0 or t > 0 in the nonlinear system. The manifolds W s , W u are also real analytic with respect to X = 0. The version of the stable manifold theorem used here is referred to as the Hartman-Grobman Theorem [10] . See Figure 2 . It is remarked that the stable manifold theorem is applicable to a more general set of differential equations for which (14) is a special case,
where ≡ d/dτ , τ ∈ R, X ∈ R n , and C is an n × n real constant matrix. It is assumed all the eigenvalues of C are purely real and non-zero. We assume g(0) = 0, and
is an n × n matrix) The linearized system is
If g(X) is C k , k ≥ 1, or real analytic, g(0) = 0, and ∂g ∂X (0) = 0 ( ∂g ∂X is a matrix), then the stable manifold theorem states that there exists a homeomorphism h between the trajectory points of (18) and (19) in a neighborhood of X=0 preserving the time parameterization. X(τ ) is C k , k ≥ 1, or real analytic, respectively, with respect to τ , and W s , W u are C k , k ≥ 1, or real analytic, respectively, with respect to X.
Procedure for Branch Regularization
The branch regularization of the solutions is obtained by patching a given contracting solution X(t) for t < 0 to a unique expanding solution X(t) for t > 0 at t = 0 for X = 0 in a continuous manner for the nonlinear system, after application of the stable manifold theorem.
The patching procedure proves that as τ → ∞ in the contracting universe, where X(τ ) → 0, and equivalently t → 0 − , a(t) satisfies
where Ψ(t) is a real analytic function defined for positive and negative t in an open neighborhood of 0, and where Ψ(0) = 0. This equation implies that a(t) is a well defined real number for t > 0 if and only if w c ∈ P w . The necessity and sufficiency follows from its derivation. It is noted that for t < 0 in the contracting universe we are using (11) which implies (12) . When going to an expanding universe for t > 0 the minus sign is replaced by a plus sign in (11), (12) , implying τ → −∞ as t → 0 + .
The unique extension of a(t), together with the regularized system of differential equations 13a, 13b, 13c, proves that the variables Q(t), W (t), Ω(t), and also H(t) as noted earlier, have a unique branch extension from t ≤ 0 to t ≥ 0.
It is noted that showing a(t) can be extended through t = 0 implies that τ (t) can be continued through t = 0. The extension of τ is well defined, as with H, even though they are not defined at t = 0 and switch sign.
We briefly sketch the idea of the proof of (20). It was first proven in [11] where all energy components have constant equations of state. Its application to the current modeling is described in [1] , summarized here. If one considers the basis of eigenvector solutions (17) forQ(τ ),W (τ ),Ω(τ ) it can be explicitly determined that (20) without Ψ(t) is a solution,ā(t), of the differential equation
For the dynamical system for Q(τ ), W (τ ), Ω(τ ), it can be shown that a(t) satisfies
where f (a) is subdominant with respect to the leading order term for a small. It is shown in [1] that the trajectory points of (21) can be homeomorphically mapped onto the trajectories of (22) for a sufficiently small. This follows by using an argument described in [11] , which, in turn, is based on a version of the stable manifold theorem used in [9] (Lemma 7.5). This implies that the trajectory points of the linear system (21) can be continuously mapped 1-1 onto the trajectory points of (22). This proves that w c ∈ P is required for the nonlinear system. This also proves that t continuously moves from t ≤ 0 to t ≥ 0 yielding a unique branch extension.
Remark The results in Reference [11] yield the same conditions as in Theorem 1, with w c ∈ P w , in the more restricted case with constant w(t) = w c , or W (t) = 0, and for any additional energy components with constant equation of state. That is, only a(t) varies.
The results explained in this section are deterministic in nature in the sense that the differential equations have well defined terms and the solutions have well defined values for each value of time. In the next section the situation is different where random perturbations are included. In this case, different methods are needed.
Stochastic Modeling and Definitions
In this section we consider the case where random perturbations are added to the original System 7a, 7b, 7c in the time variable t. We will model this system as a Itô stochastic system and the perturbations are modeled as Brownian motions.
We begin by considering System 7a, 7b, 7c which we write as
) equals the right hand side of 7a, 7b, 7c , respectively. This is the original system of differential equations in the time variable t whose solution is denoted by Y(t). The big bang is at t = 0. Y(0) = (−∞, 0, 0) from the contracting universe, where t → 0 − (in the case of the expanding universe, where t → 0 + , Y(0) = (∞, 0, 0)). We introduce random perturbations into this system by the addition of the term R on the right hand side,
TheW i (t), i = 1, ..., m are one-dimensional Brownian motions, which are defined as stochastic processes, equivalently called Wiener processes. m ≥ 1 is arbitrary. Their derivative dW i (t)/dt is formally defined as white noise functions ξ i (t) which have a constant spectral density. The G i (Y) are arbitrary smooth functions whose regularity and properties are defined below.
To understand the behavior of System 24 due to the random terms ξ i , i = 1, ..., m, it is transformed to a special stochastic system of differential equations, called an Itô system. To do this, we view Y as a three-dimensional random variable defined on a probability space P. The probability space P is denoted by the triple (Ω, U, P ) consisting of a nonempty setΩ, the sample space, an arbitrary subset U ofΩ (the subsets U form a sigma algebra), and a probability measure P , P : U → [0, 1]. The probability that Y ∈ U, due to the perturbations of the Brownian motion within the termR, is P (U).
Of particular importance to this study is the change of Y(ω) as a function of time t ≥ 0, ω ∈Ω. The set {Y(t)||t| ≥ 0} is a stochastic process. For each value of time, t = t 1 , we can consider the distribution of values of Y(ω) as ω varies.
The Itô system for (24) is given by
This system for t < 0 is transformed to regularized coordinates X, τ given by (10), (11) . It is verified that this yields
where,R
is a three-dimensional random variable, τ > 0, Q < 0 in the contracting universe. (In an expanding universe, −Q is replaced by Q in (29).) The matrix A and the vector ∆ are given by (15), (16). g i (X) is the vector function G i (Y) in regularized coordinates, i = 1, ..., m. g i (X) are arbitrary real valued vector functions of X. W i are the Brownian motions in regularized time, τ . The sample path for X(τ ), τ > 0, represents the solution to (28).
The factor (−Q) −3/2 occurs inR due to the time transformation which gives a multiplicative factor -Q inR, together with the fact that for Brownian motion, 
Non-Zero Random Perturbations at the Big Bang
In the physical coordinates (Y, t), |R| = 0 at the big bang. This implies that the random perturbations defined by the Brownian motionW i , i = 1, ..., m, exist up to and including the big bang for the Itô System (26).
It is noted that Equation 28 in component form is given by
The probability distribution for a general Brownian motion W(ω), for a given value of τ , is normal of expectation 0 and variance τ , denoted by N (0, τ ). The probability, P , that W will take on values between α, β for α ≤ β, for all τ > 0, is therefore given by
It is seen that as τ → ∞, the variance, V (τ ) → ∞. This implies that for each τ , the probability density function,
flattens out and approaches 0.
W(τ, ω) has several interesting properties of the sample path worth noting. Let τ → W(τ ) be the sample path for W(τ, ω) for τ > 0. Then, W(τ ) is non-differentiable, has infinite variation(i.e. infinite length) on sub-intervals of τ , and is Holder continuous + in τ a.e.in ω.
Stochastic Regularization
We show that stochastic branch regularization can be done for (26) at Y = Y(0) for the same co-prime conditions as in Theorem 1. This is accomplished by using a stochastic version of the stable manifold theorem [2] . The results are summarized in Theorem 2.
To do this we consider the regularized Itô System of stochastic differential equations given by (28). We will be considering X near to 0 and considering first a contracting universe.
The local existence and uniqueness of solutions X(τ ) with an initial point X 0 for τ = τ 0 > 0 are guaranteed by only requiring that B(X),g i (X) ≡ (−Q) 3/2 g i (X), i = 1, ..., m are Lipschitz continuous in a small neighborhood of τ 0 , yielding continuous, but non-differentiable sample paths. This is satisfied for B(X) andg i (X) since they are real analytic for τ 0 < τ < ∞.
It is important to note that a solution X(τ ) of (28) depends on X 0 as well asΩ due to the random process W(τ ). This implies that more generally, The solution is written as X(τ, X 0 , ω), where ω ∈Ω. Thus, X(τ, X 0 , ω) :
For simplicity of notation we write X(τ, ω) or just X(τ ).
It is remarked that since X is a random variable, when we say that X(τ ) is locally unique, taking on the initial value X 0 , this uniqueness is in probability almost surely (a.s.).
The theorem we will prove is:
Theorem 2. The solutions to the classical Friedmann equations for H, W, Ω with random, small perturbations up to and including the big bang, modeled as an Itô system with Brownian motion given by (26), can be uniquely extended through the big bang at t = 0 as a branch regularization if and only if the value of w c belongs to the discrete set P w of co-prime values of the equation of state. The curves of the branch solutions are continuous but non-differentiable.
Physical Description of Motion
The solutions of the randomly perturbed Friedmann equations using the stochastic model will be different from the classical ones found in [1] , described in Section 3. For example the curve for (t, a(t)) for t near 0 will no longer be smooth. In this case, it will be non-differentiable. This means that locally it will move in a Brownian fashion. (See Figure 3 .) This is also true for Q(t), w(t), Ω(t). It is recalled that W(τ ) also has infinite variation, which adds considerable complexity to the solutions. A striking aspect of this result is that the original system in physical coordinates has random perturbations also at the big bang. However, although there are random perturbations at the big bang, a(t) → 0 and w → w c as |t| → 0 due to the form of (43). Proof of Theorem 2.
The proof of this theorem parallels the proof of Theorem 1 described in Section 3.
Step 1. X = 0 is a stationary point of (28). The conditions
∂R ∂X
(0) =0 and ∂B ∂X (0) = A, listed in Summary A, imply that the linearized system about X = 0 is given by
Since the stochastic term is not included, this can be solved in the classical manner as was done in Section 3. This yields the eigensolutions (17). The Lyapunov exponents , or eigenvalues, λ i < 0, i = 1, 2, 3 of A are all negative and not equal in the contracting universe where τ < 0. Thus, depending on the value of w c , they can be ordered as
3 is some ordering of 1, 2, 3. (Likewise, in an expanding universe where τ < 0, as described in Section 3, the eigenvalues are all positive, which we order as 0 < −λ i 3 < −λ i 2 < −λ i 1 ). This implies that X = 0 is a hyperbolic stationary point of (28). This follows using the definition in [2] since the eigenvalues are real, non-zero and distinct. The definition in [2] is for the more general case of a hyperbolic stationary trajectory defined as a stochastic process, which includes the special case of a point.
Step 2.
Apply a stochastic version of the stable manifold theorem. The general stochastic version of the stable manifold theorem is stated as Theorem 3.1 in [2] . It is formulated for a far more general modeling than we have here. However, Corollary 3.1.1 of [2] is directly applicable to our model. We state this result for our modeling. 
for all integers n ≥ 0, where
is a random variable, and
It is interesting to note that unlike the classical stable manifold theorem where one has exponential decrease (or increase) of the solution to (away from) the stationary point for any time τ , in this case, as is seen by (34), (36), this is true only for integer values n. This is due to the random behavior of W i . However, this is not true for the log estimates, (35), (37) .
From this theorem, we can conclude, in particular, that in a contracting universe, as τ → ∞, X(τ, X 0 , ω) → 0 in an approximately exponential manner corresponding to integer time values. Likewise, in an expanding universe, τ → −∞, X(τ, X 0 , ω) → 0 also in an approximately exponential manner for integer time values.
Thus, if we consider a particular solution, X(τ ), approaching X = 0 in a contracting universe, we can piece it together with a solution at X = 0 for an expanding universe in the same manner as we did in Section 3. The uniqueness of this continuous extension at t = 0 follows as described at the end of Section 3 where the same argument can be used to also get the continuous extension in time through t = 0 only for w c ∈ P w . There are some modifications that must be done to that argument. When applying the stochastic version of the stable manifold theorem, the differential equation (22) for a(t), must first be put in a stochastic framework by making an Itô system analogous to what was done here. When this is done, it implies that a(t) becomes a stochastic process due to the addition of a Brownian motion, satisfying (22) with a random perturbation term added to the left hand side. This is done as follows:
Since the flow of (22) is equivalent to the flow of the unperturbed equation (21) in a neighborhood of the the big bang at a = 0 and t = 0 by a special version of the stable manifold theorem that was described previously, it suffices to consider (21). As is shown in [11] (see Theorem 5, Equation 26 ), by transforming (21) with a McGehee transformation of a, da/dt, t to r, v, s, respectively (a = r γ , da/dt = r −βγ v, dt = rds), and translating v → v − c, then the big bang occurs at r = 0, v = 0 and s = 0. The differential equations for r, v can be written as, by expanding in a Taylor series about
where, x = (r, v),
(40) c = ± √ 2 (+ is for an expanding universe, -is for a contracting universe), β = α/2, α = 3(1 + w c ) − 2, γ = (1 + β) −1 , β > 2 (corresponding to w c > 1), 0 < γ < 1/3. It is seen that the big bang r = 0, v = 0 is a hyperbolic rest point for (38), where x(s) → 0 as |s| → ∞. Since ∂d ∂x (0) =0, where0 is a zero 2×2 matrix, then the linearized solutions of (38) are spanned by the basis solutions, (e (β+1)cs , 0), (0, e 2βcs) ), and we have t = (e (β+1)cs )ds = ((β + 1)c) −1 e (β+1)cs , which implies s = ((β + 1)c) −1 ln |t|, implying r ∝ t. Thus a = r γ ∝ t γ implies (20) is satisfied in the linearized case, where t is replaced by −t for the contracting universe.
An alternate way of obtaining (20) in the perturbed case is to use the more general stable manifold theorem applied to (22) instead of the special version in [9] (Lemma 7.5), described previously. In this case, the right hand side (38) has an additional term P(x) representing the perturbations due to the function f (a) in (22) after application of the McGehee transformation. This implies that r ∝ tG(t) for some function G(t). This then implies that a = r γ = t γG , whereG = G γ . This is of the form of (20). Viewing x as a two-dimensional random variable and x as a stochastic process, we form an Itô system from (38),
where,
It is assumed thatĝ i (x) are C 1 functions of x in a neighborhood of x = 0,ĝ i (0) = 0, and ∂ĝ i ∂x ((0)) = 0. It is verified that this stochastic system satisfies all the necessary conditions for the stochastic stable manifold theorem. In particular, this implies after application of the inverse McGehee regularization, s → t, r → a, we obtain
in place of (20), whereΨ(t) is a non-differentiable function,Ψ(0) = 0, andΨ(t) is defined for both t ≤ 0 and t ≥ 0 (for t ≥ 0, −t is replace by t in (43) ). This yields the proof of Theorem 2.
Properties of a(t)
AlthoughΨ(t) is non-differentiable, it is also monotonic decreasing for t ≤ 0 (increasing for t ≥ 0.) and |t| near 0. This yields a monotonic, random, non-smooth, jagged variation for a(t). We consider t ≤ 0. This is deduced from the fact that a = e −τ , where τ is large. This implies a as a function of τ is monotone decreasing. We also have dt = (−Q)dτ , where −Q > 0 and therefore, dt/dτ > 0. This implies da/dt = (da/dτ )(dτ /dt) < 0, and hence a(t) is monotone decreasing as t → 0. The variation of a(t) is seen to decrease in a random, non-uniform and non-differentiable manner as t → 0 yielding a non-smooth, jagged variation. The same behavior of a(t) is obtained for an expanding universe, where, in this case, a(t) increases, and where Q is replaced by −Q, τ by −τ , t by −t. See Figure 3 .
Numerical Verification
The result that X(τ, ω) → 0 as τ → ∞, stated by the Stochastic Stable Manifold Theorem, is tested by numerical simulation of the stochastic dynamical system (28). For simplicity, we take the matrix g ji (X) to be constant and diagonal, g ji (X) = δ ji , the latter being the Kronecker delta. Then the equation becomes, in component form,
This system of Itô stochastic differential equations is integrated using the EulerMaruyama method [13] . For a contracting universe with t < 0, the values of the variables should satisfy Q < 0, W > 1 − w c , and 0 < Ω < 1. Furthermore, for the Stochastic Stable Manifold Theorem to hold, they must be in a small neighborhood of 0.
As an example, we choose (Q 0 , W 0 , Ω 0 ) = (−0.1, 0.1, 0.1), and start from τ 0 = 1. The equations of state are chosen to be w c = 2 and w 1 = 0. Fig. 4 shows a typical run of the simulation. It can be seen that the stochastic solution converges to 0 as well as the solution without random perturbations.
This result demonstrates the fact that if the solution starts sufficiently close to the big bang, the stochastic solutions remain close to the original solutions and converge to 0 , which is the main idea of the proof of Theorem 2. It is important to start the stochastic solution sufficiently near the big bang, otherwise, it may not stay close to the original solution by violating required bounds for the variables due to the stochastic fluctuations.
It is noted that the transformed time variable τ goes to ∞ as the real time t → 0 − . The solution for an expanding universe with t > 0 is similar but time-reversed, replacing τ by −τ . Theorem 2 states that a contracting solution can be pieced together with an expanding solution at the big bang at t = 0.
Discussion of Results
The curve of a(t) near the big bang has a random, non-smooth, jagged or choppy appearance. This is summarized in:
Random, Monotonic, Non-smooth, Variations of Scale Factor
The random, monotonic, non-differentiable, non-smooth variations of a(t) for a near 0 are shown in Figure 3 . The behavior of a(t) occurs sufficiently near the big bang as required in the proof of Theorem 2. To determine how close is out of the scope of this paper. It is also noted that although there are random perturbations at the big bang, Equation 43 implies that a(t) → 0 as |t| → 0.
The non-differentiability and random nature of the step like behavior may give rise to gravity waves. This would require an analysis that is out of the scope of this paper, and is a topic for further study.
The addition of stochastic perturbations to the Friedmann differential equations yield complex perturbations, where it may be possible to model them as quantum fluctuations:
Quantum Fluctuations
By suitable choice of G i (Y), i = 1, ..., m for m sufficiently large, it may be possible to model quantum fluctuations by the R(Y, t) at each time t. This is not analyzed here, and is a topic for further study.
The stochastic perturbations provide a general approach to perturb the Friedmann equations. The term given by R(Y, t) is general in nature, where one has the freedom to choose the functions as desired to model infinitely many different types of perturbations, where they need not be known in general.
The perturbed system of differential equations modifies the vector field of the unperturbed system. This does not alter the homogeneous metric we are using, given by (1) . However, it may be possible to interpret the perturbed equations as being due to a perturbed metric. This situation is summarized in:
Spatial Inhomogeneity
The model studied in this paper assumes spatial homogeneity, as true for the Friedmann equations. However, the random perturbations introduced in the model could potentially also represent local perturbations in space. One could consider different realizations of the random perturbations as happening in different parts of the universe.
In [12] it was shown that different parts of the universe could bounce (or fail) in very different ways. It will be interesting to study such phenomenon with random perturbations.
Although this paper considers both a contracting and expanding universe and how to connect them, the results are applicable to just t ≥ 0:
Purely Expanding Universe
It is noted that if we only consider a purely expanding universe for t ≥ 0, without regard of how it got there, where the co-prime conditions are not considered and w > 1, then the results of this paper provide a way to study the solutions of the Friedmann equations in the presence of random perturbations near the big bang.
Conclusion
The stochastic regularization method developed in this paper offers a new approach to studying the big bang singularity. It is interesting that the co-prime conditions on w c persist even in the presence of arbitrary random perturbation up to and including the big bang itself. This shows that these conditions are quite robust. Thus, although the co-prime conditions represent a fine tuning of the equation of state for solution extensions, their existence shows that they are structurally stable and hence may be physically significant.
The results of this paper provide a rigorous demonstration of the extension of solutions through the big bang in the presence of random perturbations, which can model effects known and not known. This paper was done for a particular model of the universe, however, the results may have a bearing on other models. It is interesting that near the big bang, the scale factor is not smoothly monotonic, but has random, jagged, non-differentiable variations due to small stochastic perturbations. The stochastic modeling in this paper can also be applied a purely expanding universe.
It may be possible to experimentally detect the random, monotonic, non-smooth variations of a(t). These variations may give rise to gravity waves, a topic of further study.
Although the relationship of the random perturbation model we have used here by a Brownian motion to quantum fluctuations was only briefly discussed, it would be interesting to further study this in more detail, which is out of the scope of this paper.
